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It is proved that the only solutions of the Three-Body Problem with constant 
inclination equal to 7r,‘2 are the two types of non-planar isosceles solutions. A set- 
ting for analysing the case of a general constant inclination is given in Section 3 but 
the problem of classification of these motions remains open. ‘-’ 1990 kademlc press. 
Inc. 
1. INTR~OUCTI~N 
The motion of three mass particles in space under Newtonian gravita- 
tional attraction is described by a Hamiltonian system with nine degrees of 
freedom. By taking the center of mass at the origin and fixing the angular 
momentum, the process of “elimination of the node” leads to the descrip- 
tion of the dynamics as a Hamiltonian system with only four degrees of 
freedom where the variables are the lengths of the sides of the triangular 
configuration, the inclination, and their conjugate momenta; see 
Wintner [3, Sect. 3941. The inclination is the angle between a fixed 
reference plane and the plane of motion (the plane that contains the three 
particles at every instant of time). The reference plane is taken as the plane 
through the center of mass and orthogonal to the angular momentum 
vector, if this is non-zero (the inoariable plane). For planar motions, i.e., 
where the particles move in a fixed plane, this will be taken as the reference 
plane, so that planar motions are those with zero inclination. In particular, 
this includes the case of zero angular momentum. 
By fixing the energy, a further reduction can be attained which is related 
to Birkhoff’s description of the Three-Body Problem as the flow of a 
dynamical system on the seven-dimensional manifold obtained by fixing 
the center of mass, the angular momentum, and the energy and using 
the process of “elimination of the node”; see Wintner [3, Sect. 434 and 
following sections] and Birkhoff [ 1, Chap. 31. This reduction yields a 
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non-conservative Hamiltonian system with three degrees of freedom with 
the inclination as “time.” The process requires the inclination not to be 
constant along solutions of the system. In particular, it does not apply to 
planar motions but, for these, the dynamics can already be described by a 
conservative Hamiltonian system with three degrees of freedom with the 
usual time. Unfortunately, there are non-planar solutions with constant 
inclination, namely, the two kinds of non-planar isosceles solutions: that 
with the line of the angular momentum as symmetry axis and that with the 
invariable plane as symmetry plane; for these solutions the inclination is 
equal to 7~12. It is conjectured that these and the planar solutions are the 
only constant inclination solutions. If so, the above reduction could still be 
applied as long as we manage to avoid them. 
Concerning these matters, Wintner considers a relevant question that of 
proving this conjecture and, if it is false, the problem of the classification 
of the solutions with constant inclination; see Wintner [3, Sect. 4361. 
The goal of this paper is to partially settle the question raised by 
Wintner. We shall prove the following 
THEOREM. The non-planar isosceles solutions are the only solutions of the 
Three-Body Problem with constant inclination equal to 7~12. 
The problem of the existence of motions with constant inclination 
between 0 and 7r/2 seems to be much more difficult. Although it may seem 
plausible that they do not exist, this is by no means clear. See the remark 
at the end of Section 4. 
2. THE EQUATIONS OF MOTION 
We assume that the center of mass is fixed at the origin and that the 
angular momentum is non-zero. 
For a non-planar solution, the intersection of the plane of motion with 
the invariable plane is called the line of nodes. This line is always defined 
even at a date where the three particles are aligned (see Saari [2]). Con- 
sider the orthonormal frame e, , e,, e3, where e, lies along the line of nodes, 
e3 is orthogonal to the plane of motion, and e, = e3 x e, , the cross product 
of e3 by e,. Denote by 52 the angle from the abscissa axis of the fixed 
reference system to the vector e, and by I the inclination; see Fig. 1. 
For the position vector ri of the particle of mass mi, let 
ri=aje, +bie,, i= 1, 2, 3. (2.1) 
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FIGURE 1 
Differentiating (2.1) with respect to time and using the formulas 
e; = R’ cos re, - R’ sin ze3 
e; = -Q’ cos le, + z’e, 
e;=Q’sinre,-r’e,, 
we obtain 
r: = (a: - bit2 cos z)e, + (h, + uJ2’ cos I)er 
+ ( -a$’ sin r + bir’)ej (2.2) 
and 
ry = (a: - (b,R” + 2bjQ’) cos I - a,Q’* + 264’r sin I ier 
+ {hy + (u,!T + 24Q’) cos I- b,(Q’* cos* 2 + z’*)}e, 
+ ~-(aiR”+2u~~‘)sin~+(b,~“+26~r’)+hi~”sin~cos~}e,. (2.3) 
Consider, now, the Newtonian potential 
where rii = Irj - rjl is the Euclidean distance between the masses mi and mj. 
Since the gravitational forces lie inside the plane of motion, we have 
(here, V,U stands for the gradient of U with respect to ri) 
(l/mi)ViU=Xie, + Y,e, (i= 1,2, 3) (2.4) 
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and the equations of motion are those obtained by setting the coeffkients 
of e,, e2, and e3 in (2.3) equal to X,, Y;, and 0, respectively, where 
i= 1, 2, 3. 
Since U is invariant by translations, we have 
v,u+v,u+v,u=0 
and this identity, together with the conservation of the center of mass 
m,r,+m,r,+m,r,-0, (2.5) 
shows that the equation of motion for i= 3 is a consequence of the equa- 
tions for i= 1, 2. Therefore, the dynamics is given by a system of six second 
order differential equations (corresponding to i= 1, 2) in a,, a,, b,, b,, Q, 
and I. 
In view of (2.3), the solutions with constant inclination t #O are those 
which satisfy the set of equations 
a;’ - u,&?‘~ - (b,Q” + 2b;Q’) cos I = Xi 
b,” - bin’? cos’ I + (Q-2” + 2~32’) cos I = Yi, i= 1, 2, 3 (2.6) 
a$” + 24Q’ - bJ2” cos I = 0, 
where in Xi and Yi the variables u3 and 6, are to be expressed in terms of 
ui and bi (i= 1, 2), by means of the center of mass relations. 
3. A CHANGE OF VARIABLES 
The center of mass relation (2.5) can be written in scalar form as 
m,u, +m2u2+m,u3=0, m,b, +m,b,+m,b,=O. (3.1) 
Using (2.1) and (2.2), we compute the angular momentum 
jF, miri x r:= c(sin le2 + cos re3), with c > 0, 
and find that (recall that I is a non-zero constant and notice that Q’ # 0) 
c m,u,b, = 0, (3.2) 
Let m=(m,,mz,m,), A,=(m,u,,mzu2,m,u,), and B=(b,,b,,b,). 
Then, the second relation in (3.1) and the first in (3.2) are together equiva- 
lent to the vector equation (notice that m and A,,, are linearly independent) 
B = CA,,, x m. 
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where 5 is a scalar function of the time t. Therefore, we have 
b, = tm2m3(a2 -a,), b2 = 5m, Ma3 - aI ), b=tm,m,(a,-a,). 
(3.3) 
The first relation in (3.1) and the second in (3.2) give us 
m,(m, +m,)a:+2nz,m,a,a,+m,(m,+nz?)a~=m,c/~, (3.4) 
where 
A=&?‘. (3.5) 
One easily checks that the quadratic form (3.4) is positive definite and so 
it defines an ellipse at every instant of time. By a rotation of axes 
a,=x,coscp-,v?sincp 
Eq. (3.4) becomes 
pf -I- vx: = m,c/i, (3.6) 
where ,D and v are the eigenvalues of the symmetric matrix associated to 
(3.4) and the angle cp is defined by 
tan 2~p = 2m,m,/(m, -m,)M, with M=m,+m,+m,. 
We now consider a parametrization of (3.4) by an angle 8, 
x,=pcose, .x2 = q sin 8, (3.7) 
where 
P = Cm3ddl”2 and q = [nz3c/vE.] “2 (3.8) 
are the major and minor semi-axes of the ellipse. 
The variables r, 2, and 8 introduced in (3.3), (3.5), and (3.7) determine 
a,, a2, b,, 6, (as well as a3 and 6,) and therefore the solutions of Eq. (2.6) 
are those satisfying a certain system of ordinary differential equations in 
(,A, 8, Q. To get such a system requires a reasonable amount of work, 
which we leave for the Appendix. Here, we simply write down the explicit 
system obtained there: 
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(c</4~){2(1’/~)‘-(,I’/A)2+4~‘-(3~vcos”r)A.2~2} 
=(~,-~2)~3/~:,+(~3-~,)~2/~:3+(~2-~3)~,lr:, 
(-3c cos r/2)5’ 
= (a, - a2) Of2 + (a3 -a,) a21r:, + (a2 - 4) a,/& 
c{(~‘/~)+nq-pvf211~3) (3.9) 
= C(a,-a2)h3+(b, -h)a,llr:,+ C(~~-a,)b~+(6,-b,)a~Ilr:~ 
+C(~z-~3)~,+(~2-~3)~,llr~3 
O’=(- &cos1/2)i5 
CY=A. 
Setting u = {‘/,I and u = At/A, we conclude that the solutions of the Three- 
Body Problem with constant inclination z # 0 are those of the following 
system of first order ordinary differential equations (obtained from the 
above) 
5’ = Al4 
u’= . . . 
I’ = Jo 
v‘= . . . 
W=(- &cosr/2)l.< 
Q’=i 
(3.10) 
that lie inside the 5dimensional manifold in (5, U, A, v, 8, Q)-space: 
( - 3c cos r/2) Au = (a, - u2) u3/rf2 + (u3 -a,) u,/ri, + (a, - u3) u,/ri,. 
(3.11) 
4. PROOF OF THE THEOREM: 
CLASSIFICATION OF THE SOLUTIONS WITH l= 7r/2 
When I = 7r/2, the fifth equation in (3.10) shows that 8 is a constant 
function of the time and therefore we get 
a, = qi/ll./2 (i’l, 2, 3) (4.1) 
with q,, q2, q3 constants. We notice that these constants are not all zero, 
because that would give a collinear motion with the particles along a line 
perpendicular to the line of nodes, which is impossible. 
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By (3.11), the solutions with inclination I = n/2 must satisfy the relation 
(4, - q2) h/r:, + (q3 - 4,) q2/& + (q2 - 43) ql/& =(I (4.2) 
identically in t. 
Using (3.3), (4.1), and the first of the center of mass relations (3.1), we 
obtain the expressions 
b,-b*=(-5Mnz,/~‘2)q), h, -b, = (5h4mz/A’~2)qz. 
b2-b3=(--<Mm,/l”‘)q,, 
which show that the mutual distances rri are given by 
r lr=(1/%1~‘)((ql-q2)2+~2(Mm,q,)‘)1~2 
r,,=(1//21’)((ql-q3)2+52(M~n2q2)’)1’ (4.3 1 
r 23= (I/~1~‘2){(q2-q3)2+~‘(Mm,ql)2}1”. 
The center of mass relation gives 
m,q, +m,q2+m,q,=o, (4.4) 
which shows that rij can vanish at most at zeros of t(r), which are, by 
reasons of analyticity, isolated since the solution is not collinear. 
Now, suppose that one of the numerators in (4.2) is zero, say, the first. 
Then, we have 
(i) q,=q2 or (ii) q3=0. 
In case (i), Eq. (4.2 j reduces to 
(q3 - 9, ) q2 { l/r?, - l/4, > = 0, 
which gives r,3 = r23, since (q3-q1)q2#0 by (4.4) and (i). From (4.3) we 
then get m, = m, and from (3.3) we get 6, = 0 and 6, = -b,. This means 
that this is the isosceles solution with the equal masses moving symmetri- 
cally with respect to the invariable plane and the third mass moving on this 
plane. 
In case (ii), we also get r13 = rz3, which now gives 
4: + t2(Mm2q2j2 =4: + t’(Mm,q,)’ 
and in view of (4.4) and the hypothesis (ii) we have q2 = -4, and ml = mn2. 
Since 6, - b2 = ( -<Mm,/A1i2)q3 = 0, we have 6, = 6,. Therefore, 
hypothesis (ii) gives the isosceles solution with the equal masses moving 
symmetrically with respect to the angular momentum axis and the third 
particle moving on it. 
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Of course, the vanishing of any of the other two numerators gives these 
same isosceles solutions with a rearrangement of the masses. 
We shall now prove that (4.2) cannot hold if all three numerators are 
different from zero. This will conclude the proof of the theorem and settles 
the question by Wintner [3, Sect. 4361 on the classification of motions 
with constant inclination I = rr/2. 
If the numerators in (4.2) are all different from zero, then (4.3) shows 
that each summand in (4.2) is a real analytic function of the real variable 
5 on the entire real line. Each of them can be extended to a complex 
analytic function with maximum domain of definition given by removing 
from the complex plane the two half straight lines 
Re(z) = 0, IIm(--)I 2 14i-q.iI/~4 l4A 
i, j, k E { 1, 2, 3 }, distinct. 
Now, the function t(t) cannot be constant otherwise, by (4.3), we would 
have a homographic solution, hence a planar solution, which is not the 
case. 
Therefore, (4.2) is really an equality satisfied for all values of the real 
variable 5 in an open interval of the real line. It then implies the com- 
patibility of the singularities of the complex extensions, which means that 
I(41 -42M,q,l= I(41 -h)/%qzl = 1(42-q3Vm19,1. (4.5) 
Indeed, each term in (4.2) has just one singularity in the upper half 
plane. If one of the singularities, say, that of the first summand, in (4.2), 
i.e., <,, = i lq, - q21/Mm, )q3(, is closer to the origin than those of the other 
terms, then the last two summands in (4.2) are analytic functions on a 
small disc D centered at to. In the region D' obtained from D by removing 
the upper vertical ray, the first summand is also an analytic function and 
the equality (4.2) holds identically in D'. This means that the first sum- 
mand has an analytic extension to D and, therefore, so does the function 
(cf. (4.3)) 
which is certainly impossible since it has to as a pole in D. Therefore, this 
case cannot happen. 
By a similar argument, we prove that the case where two coinciding 
singularities are closer to the origin than the third is also impossible. 
Consequently, the three singularities coincide and the statement is 
proved. 
Whether the numbers whose absolute values appear in (4.5) have all the 
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same sign or two of them have opposite signs will lead to a contradiction 
because we get qi = qj, for some pair of indices i, j, or we get the equality 
m,qf+m,qf+m,q,- , 2-O 
and both these conclusions are contrary to our assumption. This contradic- 
tion shows that one of the numerators in (4.2) has to be zero and the proof 
of the theorem is completed. 
Remark. In any of the three cases 
q, = 42, m, = mz; q, =q3, m, =m,; qz = q3, mz = m3 
the right-hand side of (3.11) is identically zero in 5 and 1. If I = 7c/2, the left- 
hand side of (3.11) is identically zero in t and U. Therefore, in the case 
I = n/2, the manifold defined in (3.11) is a plane 8 = constant. So, in this flat 
case, the classification problem is solved. 
For an inclination I between 0 and 7r/2, Eq. (3.11) defines a smooth 
manifold and the problem is to prove that there does not exist any solution 
of (3.10) lying on this manifold or, if it does, to classify them. 
APPENDIX 
One of the products a,b,, a2b,, or a,b, is not identically zero, otherwise 
the center of mass relations (3.1) would imply a collinear, hence a planar, 
motion, which is not the case. 
Suppose that a, 6, # 0. Then, the fifth equation in (2.6) implies the sixth. 
Indeed, those last two equations can be written as 
(afl)‘-a,b,112cos r=O 
(ail)‘-a,b,%‘cosr=O 
(A.1 1 
and functions satisfying the first equation will satisfy the second because 
(a:i)‘-a,b,A’cos I = ( I/a,b,){a,b,(u:i)‘-a,bz(afi)‘} 
=(u,aJu,b,){(h,uz-bzu,)l’+2(b,u>-b2d,)A) 
= (a21bl) 5m3{( m,u~+m,a~+m3u~)~, , 1’ 
the last equality resulting from the substitution of b, and 6, given by (3.3). 
The second of the angular momentum relations (3.2) then shows that the 
second equation in (A. 1) is satisfied. 
Therefore, the solutions with constant inclination I #O are those which 
satisfy the first four equations in (2.6) together with the first equation in 
(A.l). 
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By (3.6), (3.8), and (3.9) we have (we set tl = A, fl= & for printing 
convenience) 
a,=~(/?cos~cos0-asincpsin8) 
a, = K( /? sin cp cos f3 + a cos cp sin e), 
64.2) 
where K = ~(1) is given by 
K = [tH,C//N~] “2. (A.3) 
Now, (cos cp, sin cp) and (-sin cp, cos cp) are the eigenvectors of the 
matrix associated with (3.4) corresponding to the eigenvalues p and v, so 
that 
(m,+m,)coscp+ m2 sin cp = p cos q/m, 
m, cos q + (m2 + m,) sin q = p sin cplm, 
(m,+m,)sincp- m, cos cp = v  sin q/m , 
-m,sincp+(mz+m,)coscp=vcoscp/m,. 
Using these relations, we can write 6, and b2 given by (3.3) as 
b,=Ka/3~{asincpcos8+~coscpsin6} 
b,=h-a~~{--acos(pcos8+~sin(psin8}. 
(A.4) 
Now, with the expressions of a, and b, given in (A.2) and (A.4), one 
easily checks that 
where G(8) does not vanish (under the hypothesis of a non-vanishing 
product a, b L), so the first equation in (A.1 ) is equivalent to 
8’ = -(a/3 cos t/2) 14. (AS) 
Remark. If uzb, ~0, the second equation in (A.l) is equivalent to the 
same equation (AS). Therefore, this equation is equivalent to any one of 
the two equations (A.1 ). 
Consequently, the solutions with constant inclination r #O are those 
satisfying the first four equations in (2.6) together with Eq. (AS). 
Making use of (A.2) and (A.4) to compute the left-hand sides of the first 
four equations in system (2.6), one will see that this system is equivalent to 
the following: 
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L,( p cos cp cos 0 - a sin cp sin 0) - L,(a sin cp cos e + fi cos cp sin 0) = X, 
L L (a cos cp sin f3 + p sin cp cos 0) + Lz( a cos cp cos 8 - /? sin cp sin 0) = X, 
L,(a sin cp cos 8 + p cos cp sin 0) + L4( /I cos cp cos 19 -a sin cp sin 8) = Y, 
L,(~sincpsin8-acoscpcos8)+L4(~sincpcos8+acoscpsin8)= Y, 
O’=(-a~c0sf/2)~~, (A.61 
where 
L, = K~ - k-A2 - K(e’)2 - (2aj3 cos Z) KAcel 
L2 = Kel’ + 2K’el + (ab cos t ) Kant 
+ (2ap cos I) ~25’ + (2a/l cos z ) k.‘L[ 
L, = aB[li<” - k-<(e’J2 + 21~~5’ + Cc] 
L4 = ap( k-t& + 2k.<‘e’ + 2K’g’). 
Using the last equation in (A.6) and the relations derived from (A.3), 
K’ = -K(l’/2i), K” = K{ (1’/2n)’ - (1’/2).)’ ), 
we can rewrite the L,‘s in the form 
L, = (K/~)((/I’/~)~-~(A’/~)‘-~A~+(~~vcos~ I),?<‘) 
L, = (3 fi cos l/2) J;ii;l 
Lx = (614 $){4i(5’/1) 
+ [(E”‘/1)2 - 2(11’/1)‘] 5 - (p cos2 2) A2cp 3 
LI = ( - 3 J&T a/l cos 1/2) & 55’. 
Solving for the L;s, system (A.6) is equivalent to 
L,=(X,(acoscpcosO-jIsincpsin0) 
+ Xz(a sin cp cos 8 + /? cos cp sin e) }/a/i 
(A.7) 
L2 = { -X,(a cos cp sin e + p sin cp cos 0) 
+X2(pcoscpcosO-asincpsintI))/a~ 
L, = { Y,( p sin q cos e + a cos cp sin 0) 
-Y,(~cosfpcos8-asincpsint9)}/ap 
L,={-Y,(/3sincpsintI--acoscpcose) 
+ Y2(a sin cp cos e + b cos cp sin e) }/a/l 
H’=(-a~cos~/2)2~. 
(A.8) 
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Computing Xi, Y,, i = 1, 2, from (2.4) we get 
Xl = m2(a2 - aI P-f, + rn(a, - a, l/r:, 
x2 = m,(a, - Q2,/& + mAa -a,)/& 
Y, = m2(b2 - b, J/r:, + m3(b3 - b, l/r:, 
Y2 = m,(b, - b2)l& + nr3ib3 - b,)/d,. 
Then, the second equation in (A.8) can be written as 
and the fourth as 
+ (b3 -b, ) W-f, + (b2 - 6,) b,lr:,}. (A.lO) 
Computing the numerators of t-i in (A.lO) using (3.3), we will see that 
they differ from the corresponding numerators in (A.9) by the common 
factor -<2Mm,mzm,. It is easily checked that the product Mm,m,m, is 
the determinant of the matrix of the quadratic form in (3.4), so it is equal 
to PV. It follows that Eq. (A.lO) can be written in the form 
-L = i& wWJh{(a, -a,) drL 
+(a3-a,)a21r:,+ia2--a,)al/rl~). (A.ll) 
In view of expressions for L, and L, in (A.7), we conclude that Eq. (A.9) 
and (A.1 1) are the same, both being equal to the second equation in (3.9). 
So, the system (A.8) is equivalent to that obtained from it by deleting 
the fourth equation. Replacing the equation for L, by the combination 
L, - &/3L, and considering Eq. (35) defining 1, we finally get the system 
(3.9) describing the solutions with constant inclination I ~0. 
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